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BULLETIN OF THE 


AMERICAN MATHEMATICAL SOCIETY 


THE FIFTH SUMMER MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


Tue Fifth Summer Meeting of the AmericAN MATHE- 
MATICAL Society was held at the Massachusetts Institute of 
Technology, Boston, Mass., on Friday and Saturday, Aug- 
ust 19 and 20, 1898. The Society renewed this year its 
usual policy of affiliation, so far as concerns the Summer 
Meeting, with the American Association for the Advance- 
ment of Scienee. This arrangement presents several ad- 
vantages and involves no sacrifice of independence on either 
‘side. A more satisfactory and efficient condition would 
result if the Association should at some time decide to re- 
solve itself into a federation of scientific societies, a policy 
which has a strong support. Meanwhile very cordial rela- 
tions exist between the Society and Section A of the Asso- 
ciation. Members of either body were free to attend and 
participate in the scientific proceedings of the other. The 
date of the Society’s meeting was so chosen as to avoid con- 
flict with that of the Section ; and to accommodate those 
members of the Society who were in attendance on the Col- 
loquium the Section set apart a special day for the read- 
ing of its chief mathematical papers. 

In attendance and in number of papers presented the 
Fifth Summer Meeting surpassed any of its predecessors. 
The total attendance at the three sessions exceeded sixty- 
five, and included the following fifty-three members of the 
Society : 

Prabenioe A. L. Baker, Dr. C. C. Barnum, Professor M. 
Bécher, Professor W. E. Byerly, Professor C. H. Chandler, 
Professor A. S. Chessin, Dr. J. B. Chittenden, Dr. A. Co- 
hen, Professor F. N. Cole, Professor L. L. Conant, Profes- 
sor C. L. Doolittle, Professor L. W. Dowling, Professor H. 
T. Eddy, Professor T. S. Fiske, Dr. A. B. Frizell, Dr. J. 
W. Glover, Miss Ida Griffiths, Mr. G. H. Hallett, "Mr. H. 
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E. Hawkes, Professor Ellen Hayes, Dr. J. I. Hutchinson, 
Professor H. Jacoby, Mr. C. J. Keyser, Professor P. La- 
due, Professor P. A. Lambert, Professor G. Lanza, Dr. G. 
H. Ling, Professor F. H. Loud, Mr. F. M. McGaw, Profes- 
sor J. McMahon, Dr. A. Macfarlane, Professor M. Merri- 
man, Professor W. H. Metzler, Professor E. H. Moore, Dr. 
D. A. Murray, Professor J. C. Nagle, Professor S. Newcomb, 
Professor W. F. Osgood, Professor B. O. Peirce, Mr. D. L. 
Pettegrew, Professor J. Pierpont, Professor C. Puryear, Pro- 
fessor P. F. Smith, Dr. V. Snyder, Professor E. B. Van 
Vieck, Professor J. M. Van Vleck, Professor A. G. Webster, 
Professor H. 8. White, Professor C. B. Williams, Miss E. 
C. Williams, Professor F. 8. Woods, Professor R. 8. Wood- 
ward, and Professor T. W. D. Worthen. 

The opening session began at 10 a. m. on Friday. The 
President, Professor Simon Newcomb, occupied the chair 
and delivered a brief address on the remarkable growth of 
mathematical science in thiscountry. Having only strictly 
scientific business before it, the meeting was able to com- 
plete the lengthy programme in three sessions, finishing at 
noon on Saturday. At the last two sessions Vice-Presidents 
R. S. Woodward and E. H. Moore presided. The Council 
announced the election of the following persons to member- 
ship in the Society: Mr. H. E. Hawkes, Yale University ; 
Dr. F. H. Safford, Harvard University ; Dr. F. Schlesinger, 
Yerkes Observatory; Dr. J. Westlund, Yale University. 
Six applications for membership were received. At the 
meeting of the Council on Friday: evening, a committee con- 
sisting of Professors T. S. Fiske, Simon Newcomb, E. H. 
Moore, M. Bécher, and J. Pierpont was appointed to con- 
sider the question of securing improved facilities for the 
publication of original mathematical papers in this country. 

The following papers were read at the meeting : 

(1) Dr. E. M. Brake: ‘‘ On the ruled surfaces generated 
by the plane movements whose centrodes are congruent 
conics tangent at homologous points.’’ (Illustrated by 
models. ) 

(2) Professor T. F. Horeate: ‘‘A second locus con- 
nected with a system of coaxial circles.’’ 

(3) Dr. J. I. Hurcnixson: ‘‘On the Hessian of the cu- 
bie surface.’’ 

(4) Dr. Vircit Syyper: ‘‘ Asymptotic lines on cubic 
scrolls.”’ 

(5) Professor ALEXANDER CHEssIn: ‘ Relative motion 
considered as disturbed absolute motion.’’ 

(6) Professor A. L. Baker: *‘ Fundamental algebraic 
operations.’’ 
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(7) Professor ALEXANDER CHEsstn: ‘‘On the develop- 
ment of the perturbative function in terms of the mean 
anomalies.’’ 

(8) Professor E. O. Lovett: ‘‘ Note on the differential 
invariants of a system of m + 1 points by projective trans- 
formation.”’ 

(9) Professor W. F. Oscoop: ‘‘ Note on the extension of 
the Poincaré-Goursat proof of a theorem of Weierstrass’s.’’ 

(10) Professor W. F. Oscoop: ‘‘ Supplementary note on 
a single-valued function with a natural boundary, whose 
inverse is also single-valued.’’ 

(11) Professor Maxime BécuEr: ‘‘ The theorems of os- 
cillation of Sturm and Klein.”’ 

(12) Professor A. L. Baker: ‘‘Space concepts in math- 
ematics.’’ 

(13) Dr. T. P. Hatt: ‘‘ An algebra of space.’’ 

(14) Professor E. H. Moore: ‘‘The subgroups of the 
generaiized modular group.”’ 

(15) Professor L. L. Conant: ‘‘ An application of the 
theory of substitutions.’’ 

(16) Dr. J. H. Boyp: ‘‘A method for finding an ap- 
proximate integral for any differential equation of the sec- 
ond order.’’ 

(17) Dr. H. F. Strecker: “ Non-euclidean cubics.” 

(18) Dr. G. A. Mitier: ‘‘On the simple isomorphisms 
of a Hamiltonian group to itself.’’ 

(19) Dr. L. E. Dickson: ‘ A new triply-infinite system 
of simple groups obtained by a twofold generalization of 
Jordan’s first hypoabelian group.”’ 

(20) Dr. L. E. Dickson: ‘Construction of a linear 
homogeneous group in C,” variables, isomorphic to any given 
linear homogeneous group in m variables.’’ 

(21) Dr. Jacop Westiunp: ‘‘On a class of equatious of 
transformation.”’ 

(22) Professor F. Moritey: ‘‘A generalization of Des- 
argues’s theorem.’’ 

(23) Dr. E. L. Stasier: ‘ A rule for finding the day of 
the week corresponding to a given date.’’ 

(24) Dr. Artemas Martin: ‘‘ Evolution by logarithms.”’ 

(25) Dr. Arremas Martin: “ A method of finding, with- 
out tables, the number corresponding to a given logarithm 
—Ii.”’ 

Dr. Boyd was introduced by Professor C. B. Williams. 
Dr. Blake's and Professor Morley’s papers were read by Pro- 
fessor Fiske, Professor Holgate’s by Professor White, Dr. 
Stecker’s by Professor Woods, and Dr. Westlund’s by Pro- 
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fessor Pierpont. In the absence of the authors the papers 
of Professor Lovett, Dr. Hall, Dr. Miller, Dr. Dickson, Dr. 
Stabler, and Dr. Martin were read by title. 

Abstracts of those papers which are not intended for 
publication in the BuLLETIN are given below. 


Dr. Blake’s paper is intended for publication in the An- 
nals of Mathematics. The movements considered are defined 
as follows: upon a plane a’ containing a conic C’ moves a 
coincident plane « containing a congruent conic C, in such 
a manner that the two conics are always tangent at homol- 
ogous points. The locus of a point carried by ¢ is a uni- 
cursal curve of the fourth order when C and C’ are central 
conics and a unicursal curve of the third order when they 
are parabolas. The properties of these curves taken from 
the writings of Roberts. Cayley, and others are given in brief. 
The locus of a straight line carried by a is a quartic scroll 
with a nodal circle at infinity and a nodal straight line 
when C and C’ are central conics ; and a cubic scroll with 
a nodal straight line when they are parabolas. These sur- 
faces admit of considerable variety with regard to the real- 
ity and aggregation of their pinch points. They are de- 
scribed under thirteen types. The study of them from the 
point of view of their mechanical generation is believed 
to be new. 


Professor Chessin’s papers will be published in the Amer- 
ican Journal of Mathematics. The’following is an outline of 
the first paper: Let a space R move within a space A 
and call these spaces respectively the relative and the abso- 
lute spaces. The motion of any system S may be consid- 
ered as taking place either in the space A or in the space 
k. In the first case the motion of S is called absolute, 
in the second relative. The motion of R within A is 
called space motion. If there were no space motion the 
motion of S in R would be identical with its motion in 
A. We may therefore consider the space motion as a 
perturbation of the absolute motion, the latter being the undis- 
turbed motion, while the relative motion will become the 
disturbed motion. The object of the paper presented was 
to give an expression for the perturbative function which 
enables us to pass from the absolute to the relative motion 
in a way similar to that followed in the general theory of 
perturbations. The expressions obtained for the perturba- 
tive function 2 show that it is composed of two parts, one 
independent of the equations of constraint to which 8 
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may be subject and the other directly depending on these 
equations. It was particularly to give expressions for the 
latter part of 2 that the present investigation was made, 
expressions for the other part having been obtained before. 

In the Astronomical Journal (1894, Nos. 326 and 332) Pro- 
fessor Chessin has given a method which greatly reduces 
the work of computation and simplifies the devélopment of 
the perturbative function in terms of the eccentric anom- 
alies as given by Professor Simon Newcomb in the Astro- 
nomical Papers, vol. 3, Part I (see also Tisserand, Mécan- 
ique Céleste, vol. 4, p. 313). In his second paper before 
the Society a similar method is given by Professor Chessin 
for the development of the perturbative function in terms 
of the mean anomalies. The method applies as well to the 
development of Le Verrier, as to that given by Professor 
Newcomb ‘Astronomical Papers, vol. 5, Part 1), although 
it is here applied only to the latter development. It is es- 
timated that the actual work of computation is thus re- 
duced to about one-fifth of what it would be if the current 
methods were used. 


Professor Lovett’s paper will be published in part in the 
American Journal of Mathematics and in part in the Bulletin 
des Sciences Mathematiques. Let a system of m+ 1 points 
in n + 1 dimensional space be given by the coordinates 


09 Ly, 1) Ly, ny (v= 0,1, m); 
and let 


2. Ox, 


The general projective group of this n+ 1 dimensional 
space is generated by the (n+ 1) (n+ 3) independent in- 
finitesimal transformations 


3 


By forming the second extensions of these point transfor- 
mations by the method of Lie and equating them to zero, 
we have a complete system of partial differential equations 
whose integration will determine the projective differential 
invariants of the second order. The integration of this sys- 
tem for the case of m+ 1 points yields the result that the 
following m + 1 forms are absolute invariants by the gen- 
eral projective group: 
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— — — ag) ing | 


© | 2402.3) Zions | 


(k = 0,1,---, m). 


These invariants are interpreted geometrically in the fol- 

lowing manner: Take m + 1 hypersurfaces (n dimensional 5 
manifoldnesses) in the n+ 1 dimensional space, perfectly a 
arbitrarily chosen except that a hypersurface is to pass 
through each of the n + 1 points of the given system ; let 
P35 °°") Pen DE the principal radii of curvature of the hypersur- 
face through the point (2;o, at this point; take any 
point (20, Of the system and join it by straight 
lines to all the other points of the system ; let 4, be the an- i 
gle at (2,0, between the normal to the hypersurface 
through this point and the line joining it to (z,», ---, z,,), and ie 
let ¢, be the angle between the latter line and the normal j 
to the surface through (2;», ---, z,,) at the point; then the 

above invariants show that the forms 


j=n n+2 

TI Pz COS 

j=an a+2 


are absolute constants. When the m +1 points lie ona 
surface of the (m +1)th degree and on a straight line simul- 
taneously 


m 
TI pis €08 


In Professor Baker’s first paper it is shown that, assum- 
ing the weight of a point as its defining property, there are 
only six possible operations performable on it. The pro- 
cesses of complex numbers and quaternions are not extensions 
but applications of these operations. In his second paper 
Professor Baker traces the fertility of many mathematical 
ideas to four fundamental characteristics of space. 


The algebra of space considered by Dr. Hall is a vector 
algebra whose laws of operation are derived from geometric 
definitions of vector addition and vector multiplication. 


n 

Ar 
4 


1898.] FIFTH SUMMER MEETING OF THE SOCIETY. = 7 


Every real algebraic transformation corresponds to, and 
represents, a possible motion in space ; and at any stage of 
the process algebraic expressions-may be expressed geomet- 
rically, and vice versa. The algebra is developed far 
enough to enable it to be used in considering the properties 
of loci of one, two, and three dimensions. 


Professor Moore’s paper will be published in the Mathe- 
matische Annalen. The chief features of the paper are out- 


lined in the following abstract. The modular group I of 


all unimodular substitutions (a, 2, 7, 2) 


aw + B 
(ad — fy = 1) 


of the complex variable w, where the a, f, 7, ¢ are rational 
integers, has for every rational prime q a self-conjugate sub- 
group of finite index containing all substitutions 
(a, B, y, for which c=1, f=0, y=0, (mod. gq). 
The corresponding quotient-group I'/I’,,.. is conveniently 
given as the say finite modular group G%7; of substitutions 
(a, 8, y, 2) on the marks o(w=o, 0, 1,-,q—1), 
where the a, f, y, are integers taken modulo g. By gen- 
eralizing from the Galois field of rank 1 to that of rank n 
we have the generalized finite modular group Gr of order 
M(q") = 9°(q" — 1) or 1) / 2 according as q=2 or 
q>2. Mathieu first exhibited this group and studied its 
cyclic subgroups (Comptes Rendus, 1858, 1859 ; Liouville’s 
Journal, 1860, p. 39). That (except for the cases g" = 2', 3") 
it is simple was proved by Moore (Mathematical Papers of 
the Chicago Congress, 1893 ; in abstract, Bulletin of the New 
York Mathematical Society, December, 1893), and indepen- 
dently, but imperfectly, by Burnside (Proceedings of the Lon- 
don Mathematical Society, February, 1894). 


In the present paper all subgroups of the _ als are de- 


termined ; for the case n=1 this was done by Gierster 
( Mathematische Annalen, voi. 18 (1881)). The subgroups 
are of three kinds: (1) metacyclic or solvable groups ; 
(2) (3) groups of the abstract character of certain groups 

or of certain groups 2),agroup 
ing obtained by extending the ee by the substitution 

w' = pw, where p is a primitive root of the GF[q"]. Thus 
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the doubly infinite system of simple groups 


aq") 
determines by the decomposition of the subgroups of its con- 
stituent groups, apart from the simple groups of prime or- 
der, only simple groups of the original system. An equa- 
tion of degree q" + 1(q"+-2', 3') whose Galois group is the 
G**" has resolvents of degree D, D < q* +1, only in the 


cases g" = 5',7', 11', 3’, when D is respectively 5, 7, 11, 6. 
For n = 1 this is a noted theorem of Galois and Gierster. 
The group I'[2] of all unimodular substitutions (2, 7, 
where the coefficients are algebraic integers of an algebraic 
field 2 [KOrper 2] has for every prime functional [Weber] 
of absolute norm q*, a self-conjugate subgroup 


The quotient-group is the group phe . The substitutions 
of the modular group I leave invariant a modular function 
J(). The transcendental modular equation J = J(w) has 
algebraic resolvents, modular equations, with Galois groups 
Git=.@ The group I’[2], for field 2 of degree > 1, is im- 
properly discontinuous and has no corresponding automor- 
phic function. If however an automorphic function K(w) be- 
longs to a group whose substitutions have coefficients of an 
algebraic field 2, then the generalized modular equation 
K = K(w) has algebraic resolvents whose Galois groups are 


certain generalized finite modular groups os or certain of 
their subgroups. This remark connects the present paper 
with recent work of Fricke and Bianchi on certain special 
classes of automorphic functions (Cf. Fricke-Klein, Auto- 


morphe Functionen I, p. 585 fg., 1897). 


Professor Conant gave some illustrations of substitution 
properties by means of the shuffling of the cards of an ordi- 


nary whist pack. 
Dr. Boyd’s paper furnishes a method for finding an ap- 
proximate general integral of the differential equations 
dy 
(2) P+ Py + Py =0, 


d 
() P44 Py=o, 


3 
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where the P’s are any functions of z. The object of the 
paper is first to reduce the differential equations indicated 
under (a), (5), to the normal Riccatian form 


dz 
+ Fi (2), 
then to develop a process, by the repetition of which an 
approximate integral is found. The paper assumes that an 
approximate integral is found when it is shown that the 
remainder, left in the equation after the so-called approxi- 
mate integral has been substituted, becomes as small as we 
choose when the process has been repeated often enough. 


Dr. Stecker’s paper presented a discussion of the properties 
of non-euclidean cubics. Among the results obtained were 
the following: The ratio of the sines of the non-euclidean 
distances from any,tangent of a cubic to either focal line and 
to the pole of that line with respect to the absolute equals 
“nu. For any focal line and pole there are twelve tangents 
to the cubic such that the ratio of the sines of the non- 
euclidean distances from focal line and pole is constant.. The 
ratio of the sines of the non-euclidean distances from any 


tangent of a cubic to any pair of focal lines equals_|“ times 


the ratio of the sines of the non-euclidean distances to the 
poles of those lines with respect to the absolute. The non- 
euclidean distances from the point of contact of a cubic with 
any absolute tangent to the intersections with that tangent 
of any pair of focal lines are equal; the absolute tangent 
to the cubic makes equal angles with lines joining its point 
of contact to either pair of foci. The ratio of the product 
of the cosines of the non-euclidean distances from any point 
of a cubic to the poles, with respect to the absolute, of the 
tangents at three collinear points of inflexion to the cube 
of the cosine of the non-euclidean distance to the pole of the 
line through the three points of inflexion is constant. If 
two of the above tangents are absolute tangents, then the 
ratio of the squaré of the cosine of the non-euclidean distance 
from any point of a cubic to the intersection of such a pair 
of absolute tangents to the product of the cosines of the non- 
euclidean distances to their poles with respect to the absolute 
is constant. The relation between the cosines of the non- 
euclidean distances of any point of a cubic from the poles 
with respect to the absolute of any pair of focal lines (no 
two passing through the same absolute point) is expressed 
by the vanishing of the determinant 
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cos yo 


for every point of the cubic. The product of 42_, into the 
cosine of the non-euclidean distance from any point of a 
cubic to the pole with respect to the absolute of any focal 
line is the same in value for all focal lines. If a is the in- 
tersection of two absolute tangents and z, y, z the poles, 
with respect to the absolute, respectively of the chord of 
contact, third tangent, and satellite line, then the ratio of 
any two products of the form cos’ ao cos’ xo cos yo cos zo is 
constant for all points of the cubic for any pair of absolute 
tangents. The ratio of the product of the sines of the non- 
euclidean distances from any point of a cubic to the focal 


lines of any pair equals ‘ times the corresponding ratios for 


any other pair. The determinant 


sin—sin— A 
yo 
sin 4, 
z,0 


vanishes for any pair of focal lines of a cubic. Among 
other properties discussed was a class of relations concern- 
ing first and second polars with respect to the cubic of fixed 
lines related to the cubic and absolute. 


By far the simplest definition of the first hypoabelian 
group consists in regarding it as the group of linear substi- 
tutions on m pairs of indices &,, 7, taken modulo 2, which 
leave invariant the function 


By Jordan’s proof this group has a subgroup of index two 
which is simple if m>2. The first generalization of this 
group, made by Dr. Dickson while at Paris and presented a 
year and a half ago to the Quarterly Journal, has since been 
greatly simplified and published in the July number of the 
Buttetix. The present abstract of Dr. Dickson’s first pa- 
per, to be presented for publication to the London Mathemat- 
ical Society, announces a further generalization. Use is 
made of the notion of a Galois field, viz., the totality of poly- 
nomials built upon the root of a congruence of degree n and 
irreducible modulo p. These polynomials, of which p” are 


| 
} 
| 
| | 
x 
¥ 
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distinct, have the property that the addition, subtraction, 
multiplication, or division (except by zero) of two polyno- 
mnials gives always an unique third polynomial, belonging to 
the set. The generalization may now be described as the 
replacement of the field of integers modulo 2 by the Galois 
field of order p*, n any integer and p any prime. Consider 
the group L,,,, of all linear substitutions 


(in which coefficients and indices belong to the Galois field 
of order p") which leave invariant 


The quadratic conditions thus imposed on the coefficients 
are readily written down and the fact verified that the de- 
terminant of S must be +1. It is shown that the group 
L,.,, may be generated from the substitutions 


(i=1,--,m). 


Tia +4 = nf = Ny 
E,= 
that it has a subgroup L’,,,, of index two and order 


Tose 


eee 1) p™]. 
which is extended to the main group by one of the trans- 
positions E,=(7,). Thus, if p>2, L’,., contains all the 


substitutions of J having determinant + 1; while for p = 2, 
it is readily proven to contain all satisfying the relation 


== 


The group J’,,,, contains the invariant subgroup (of 
index one or two) 


1Qisas EES (i,j 1, m; i+j). 
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Indeed, it is proved to contain the products 7,, J, and 
consequently (if m= 3) also 


(Tia Tra) (Tras ) Tia )- 


Whether or not it contains the substitution 7, » being a 
not-square, is not, as yet, determined. It requires a 
lengthy, detailed investigation to prove that L”,,,, contains 
no self-conjugate subgroup other than itself and the iden- 
tity, unless it be the group of order 2 generated by the sub- 
stitution changing the sign of every index, viz., 


The structure of the group L,,,, defined by the invariant 
En, + + & 9, is therefore fully determined aside from the 
lack of proof of the non-existence in the group { Q,,., EE} 
of a substitution 7,,,» being a not-square. For the case 
p = 2, there is no uncertainty, since every quantity in the 
GF[2"] is a square. We thus know that Dna: isa 
simple group of order 


Judging from the proofs found for certain cases (when 
p> 2), it seems probable that the substitution 7,, does not 
occur in the group L”,,,. If this be true, the orders of 
the simple quotient-groups are for p > 2 as follows: 

40.2» if m be odd and — 1 a not-square ; 
+0..., in all other cases. 
Dr. Westlund’s paper is in abstract as follows: Taking 
the equation for the division of the periods of the elliptic 


functions as starting point we are led to a class of equations 
of transformation whose roots are the n + 1 values of 


= TL en. dn¥(4pu/k) 


pK + vK’ 
— 
n 
a, y = integers, n= prime = 2m + 1. 


The object of the paper is to give a method by which all 
equations of this class may be computed. 1. The roots are 


ay 

abe 

\ 

Ex 
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developed into -q-series (= 2. A superior 


limit of the degree of x in the equation is determined by de- 
termining all the infinities (and their order) of the roots for 
the whole infinite x-plane (x = #). 3. Equativns that can be 
derived from a given equation of transformation by means 
of linear transformations are considered. 4. The equations 
whose roots are. 


TI (4pe/k), (4pe/k), en- dn(4pw/k), 

respectively and all equations that can be derived from 
these by linear transformations are computed for n = 3. 


To find the day of the week corresponding to a given 
date Dr. Stabler gives the following rule : add to the day of 
the month the index number of the month and the index 
number of the year, then sybtract the largest multiple of 
seven that is less than the sum. Index numbers of months 
are: January, 3 (in leap years, 2); February, 6 (in leap 
years, 5); March, 6; April, 2; May, 4; June, 0; July, 2; 
August, 5; September, 1; October, 3; November, 6; De- 
cember, 1. Index numbers of years 1800-1899 are found by 
increasing the excess of the year over 1800 by } of itself (dis- 
carding fractions) and subtracting the largest multiple of 
seven contained in the sum. A rule is given for dates in 
other centuries. Example, August 19, 1898. Add index 
number of the month, 5, and of the year, 3, to 19. Excess 
over a multiple of 7 is 6, indicating Friday. 


Dr. Martin’s two papers will be published in the Mathe- 
matical Magazine. The author gives convenient processes 
for the extraction of roots and for determining the number 
corresponding to a given natural logarithm. 

Core: 


CoLUMBIA UNIVERSITY. 
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NOTE ON THE GENERALIZATION OF POIN- 
CARE AND GOURSAT’S PROOF OF A 
THEOREM OF WEIERSTRASS’S. 


BY PROFESSOR W. F. OSGOOD. 


(Read before the American Mathematical Society at its Fifth Summer 
Meeting, Boston, Mass., August 19, 1898.) 


Weterstrass* enunciated the theorem that to an arbi- 
trary (single-leaved) continuum A there correspond single- 
valued functions, analytic at every point of A, but not 
capable of being continued beyond the boundary of A. The 
first published proof of this theorem appears in a memoir 
by Runge, in which the author considers the problem in ita 
most general form and constructs a proof by methods so 
valuable in themselves that the paper is an important con- 
tribution to the general theory of functions. As early, 
however, as 1881 Poincaréf{ and almost simultaneously 
with him, but independently,§ Goursat|| had devised a 
proof for the case that the continuum is bounded by a 
eurve that has curvature everywhere,—at least, this re- 
quirement is made explicitly by Poincaré, and Goursat 
needs a part of it. The two authors thus assume the the- 
orem with virtually the same restrictions, and their proofs, 
which are identical in substance, differ only slightly in 
form. At that time the subject of Cantor’s sets of points 
was new to mathematicians,—in fact, this very problem and 
problems of a similar character treated by Mittag-Lefler J] 
contributed largely toward making Cantor’s theory known 
by showing some of its applications in the general theory 
of functions,—and so this proof of Poincaré and Goursat 
failed to receive the generalization-of which its nature ren- 


* Berliner Monatsberichte, Aug., 1880 ; Zur Functionenlehre, 1886, p. 
92; Mathematische Werke, vol. 2, p. 223. 

+ ‘*Zur Theorie der eindeutigen analytischen Functionen,’’ Acta 
Math., vol. 6 (1885). 

t “Sur les fonctions a espaces lacunaires,’’ Acta soc. sci. Fennicz, vol. 
12, Helsingfors; reprinted, under the same title, with additional matter, 
in the Amer. Journ., vol. 14 (1892). Cf. also Hermite, Cours d’Analyse, 
3d ed., p. 157, or 4th ed., p. 171. 

2 Cf. second reference under |j. 

|| Comptes Rendus, 13 March. 1882; the proof there given is reproduced 
in greater detail in a paper entitled, “ wa les fonctions a espaces lacu- 

”? Bull. d. Sci. Math., vol. 22 ('1887 

q “Sur la repr’sentation analytique des fonctions monogénes uniformes 

d’une variable indépendente ;’’ Acta Math., vol. 4 (1884). 


a 
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ders it readily capable. The object of this note is to give 
this generalization. 

It may be remarked that Mittag-Leffler had the necessary 
means at his disposal for the proof of Weierstrass’s theorem 
in his memoir of 1884 above referred to. Let Q be an ar- 
bitrary, isolated set of points, infinite in number, and let Q’ 
be the derivative of 9. Let Q form the boundary of a con- 
tinuum A, consisting of but one piece, within which the 
points @ lie. Mittag-Leffler showed that there exists a 
single-valued function, analytic within A, which vanishes at 
each point of Q@, and nowhere else, and which therefore has 
in each point of Q an essential singularity. In order to 
obtain Weierstrass’s theorem from this result it is sufficient’ 
to show that, an arbitrary continuum A, consisting of a 
single piece, being given, it is always possible to choose an 
isolated set of points Q, lying within A, in such a manner 
that the derivative, Q’, coincides with the boundary of A. 
This theorem had been proved by Bendixson,* and Mittag- 
Leffler, in considering a theorem relating to the approximate 
representation of a given function, refers to this paper.t 
But that which is essential in Weierstrass’s theorem is that 
it is an existence theorem—a continuum A is arbitrarily given 
and there exist functions having A as their domain of defi- 
nition. This point of view, for the most general case, is 
lacking in Mittag-Leffler’s paper. Mittag-Leffler nowhere 
refers to Weierstrass’s theorem in its general form. 


Let C be any set of points whatever forming the complete 
boundary of a continuum A lying in the z-plane, and let 
2 =o be an interior point of A. A set of points b,, b,, ---, 
each belonging to C, shall now be chosen in such a manner 
that each point of C not itself a b-point shall have b-points 
clustering about it, and that furthermore, if these are taken 
as the b-points of Poincaré’s formula (1), p. 203,{ the proof 
there given that the function ¢(z) cannot be continued be- 
yond A will hold with certain modifications to be pointed 
out. 

Let the z-plane be divided up into squares, 2~* on a side, 
by lines drawn parallel to the axes of reals and pure im- 
aginaries, these axes themselves belonging to these lines. 
In a square containing points of A and, in its interior 
or on its boundary, a point of C, let a point x’ of A be 


**Un théoréme auxilaire de la théorie des ensembles ;”’ Bihang till 
Kongl. Svenska Vet. Ak. Handlingar, vol. 9, No. 7 (1884). 

Tl.c., p. 45. 

Amer. Jour., 1. c. 
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chosen in such a manner that its distance from some points 
of C is not greater than its distance from the boundary of 
the square. About 2’ as center draw a circle so small that 
it contains no points of (, and let its radius grow till one or 
more points of C lie on its circumference, but none inside 
it. Choose one of these points of C asa point b. It will 
lie within or on the boundary of the square, since the circle 
does not extend beyond the boundary of the square. The 
number of squares corresponding to a given value of n, in 
which such }-points lie, is finite. 

Now begin with n= 1 and denote the corresponding b- 
points, taken in any order, by },, b,,---, 5,1. Next, let 
n=2. In each of those new squares that contain points 
of A and C, but no one of the points 5,, --- b,_,, mark a new 


point b as above defined, and denote these new b-points, 
taken in any order, by 7, And so on indefi- 
nitely. Then every point of C not itself a b-point has b- 
points clustering about it. 
Form Poincaré’s function : 


= 


where the series of constants SA, converges absolutely. 


Let z, be any point of A, R the radius of that circle about 
z, as center that contains. at least one point of C on its cir- 
cumference, but no point of C jn its interior. Then Poin- 
caré’s analysis applies, without modification, to the proof 
that g(x) is analytic at least within this circle. The special 
case that z,= © presents no difficulty. 

Passing now to the proof that ¢(z) is not analytic through- 
out a larger circle about z,, Poincaré’s assumption that, to 
begin with, z, shall lie on a normal to C in a point b, shall 
be modified as follows: To the point b, as defined in the 
present note there corresponded a point. z’ of A such that 
the circle about 2 passing through 6, contained no point of 
C in its interior, but possibly an infinite number of points 
of C on its circumference. As point z, we will therefore 
choose a point lying on the line joining 2’ with b, and situ- 
ated between these points. The circle described with this 
point z, as center and passing through 6, will contain no 
point of Cin its interior and only one point, namely, b,, on 
its circumference. To the power series 
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representing — g(x) within this circle all of Poincaré’s 
analysis applies-without modification. Hence this circle is 
the true circle of convergence for this series. 

Finally, for the case that z, is any point of A, Poincaré’s 
reasoning, with. the modification just given, still holds, and 
the theorem is thus established that ¢(z) is analytic in A, 
but cannot be continued beyond A. 

HARVARD UNIVERSITY, CAMBRIDGE, MAss. 


SUPPLEMENTARY NOTE ON A SINGLE-VALUED 
FUNCTION WITH A NATURAL BOUN- 
DARY, WHOSE INVERSE IS 
ALSO SINGLE-VALUED. 


BY PROFESSOR W..F. OSGOOD. 


(Read before the American Mathematical Society at its Fifth Summer 
Meeting, Boston, Mass., August 19, 1898. ) 


. In the June number of the Bu.etin I gave an example 
of a single-valued function with a natural boundary, the 
inverse of which is also single-valued. The function em- 
ployed was the following : 


where a is a positive integer greater than unity. This func- 
tion is continuous within and on the boundary of the unit 
circle, is analytic within this circle, and cannot be contin- 
ued analytically beyond it. 

I am indebted to Professor Hurwitz for an exceedingly 
simple proof of the principal theorem of my note, namely, 
that the inverse function is single-valued. The point to be 
established is that, z, z’ being any two distinct points within 
or on the unit circle, 


This follows at once by the application of a method em- 
ployed by Professor Fredholm* to show that the inverse of 
the function 


* Cf. Verhandlungen des ersten internationalen Mathematiker-Kon- 
= in Zurich vom 9. bis 11. August 1897 ; herausgegeben von Dr. 

erdinand Rudio, Professor am eidgendssischen Polytechnikum; Teubner, 
1898 ; p. 109. 
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F(2)=Se'e", (1al<1), 


is single-valued, provided | a| is not too large. 
The proof is as follows. Evidently 

(a"+1)(a"+2) | 


(a® + 1) (a* +2) 
1 
1 1 
~ a(a—1) > 
Hence If(z) —f(z’)| >9, q. e. d. 


HARVARD UNIVERSITY, CAMBRIDGE, MAss. 


NOTE ON THE PERIODIC DEVELOPMENTS OF THE 
EQUATION OF THE CENTER AND OF THE 
LOGARITHM OF THE RADIUS VECTOR. 


BY PROFESSOR ALEXANDER 8. CHESSIN. 
Ir we put with Professor 8. Newcomb* 
(1) E=ev, + ev, + ev, 
(2) p —loga=ep, + ep, +e, 


where E stands for the equation of the center and p = logr, 
then v, and p, will be of the form 


(3) iv, = sin jz, 
(4) ip, = cos j 
G=i, t—2, ,—#), 


* “ Development of the perturbative function,’’ Astronomical Papers 
prepared for the use of the American Ephemeris and Nautical Almanac, 
voL 5, part I., p. 12. 


f 
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the coefficients k,° and h;° being rational numerical frac- 
tions subject to the conditions 


ho 
We propose to give in this note formulas by which these 


coefficients can be computed for any value of i and j. 
If we put 


(5) E sin 
i=2 
(6) p — loga= 3A, + A, cos 
then the comparison with formulas (1)-(4) gives 
H 
8 A =m) 
On the other hand it can be shown* that 
(9) 53 (2) 


where j and q assume all integral positive values (zero in- 
cluded) such that 


j+q=i, i+ 2, i+ 4,-- 
If we develop /1 — ¢ and put 


q 


then formula (9) becomes 


amy 


1.3---(2m—3) 
uy m! 


2" 


Comparing this f-rmula with (7) we conclude that 


* Tisserand: Mécanique Céleste, vol. 1, p. 243. 
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(12) = (: += ): [ —2H=-» 


1.3 --- (2m — 3) 
m 


By this formula the computation of the coefficients k,° is 
reduced to the computation of Cauchy’s numbers for which 
the author has given a general formula.* 

In order to obtain a similar expression for the coefficients 
h,° we must first derive a development in powers of the 
eccentricity for the coefficients A. To this end we remark 
that 


2H | - 


dp _ ule 
On the other hand we have f 


= 1+ 25 Jie) cos 


where J,(ie) is a Bessel’s function and 
(13) G; =255 (5) Nisa. = t,t +2, +4,-~). 


Hence we may write that 


[25 ie) — 1 — Joost. 


Now, it follows from (6) and (8) that 


which, compared with the preceding formula, shows that 
2J,(ie) — A) = 


and we only need to find the coefficient of ¢+™ in the left 
hand side to obtain the required expression for h,“+*”. 


* Annals of Mathematics, vol. 10, p. 1. 
t Tisserand, Mécanique Céleste, vol. 1, pp. 224 and 242. 


(2 ) 

ya 

% 
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From (9) and (13) follows that 
H, 


so that the coefficient of e+ in (1 — ¢*) G,® is found to be 


— 
while the coefficient of the same power of e in 2J,(ie) is 
ite 
(1) “m3 (+m)! 
Hence, we conclude that 


(= 
mi(i+m)! 
which is the desired expression for the coefficients h,”. 

To conclude we will express the coefficients h,° by means 
of the &®. To this end we multiply formula (7) by 


Yvi-é pete develop the right hand side in powers of e- 
Thus we obtain 


(14 ) hot as [4 a + 


_1 1.3 --- (2m —3) 
2 


d, therefore, 


i+2m 
2( ) 2m) 1 
mi(i + m)! i+ 2m *2i+2m—2 


+ 2 


hf +2m) _ 


which formula enables us to compute the values of the h 
directly from the k;. 
NeEw York, 
July 4, 1898. 
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THE THEOREMS OF OSCILLATION OF STURM 
AND KLEIN. (THIRD PAPER.) 


BY PROFESSOR MAXIME BOCHER. 


(Read before the American Mathematical Society at its Fifth Summer 
Meeting, Boston, Mass., August 19, 1898.) 


Tue following pages form a continuation of two papers 
presented under the same title to the Society and printed 
on pp. 295-313 and 365-376 of the preceding volume of 
the Buttetin. These papers will be referred to as Th. of 
Ose. 1 and 2 respectively. 

The object of the present paper is to extend the results so 
far established to some cases in which the coefficients of the 
differential equation in question are no longer continuous 
throughout the intervals with which we are concerned. 
Such extensions are made in §§ 2 and 3 of the present 
paper but for this purpose it is necessary in §1 to establish 
some fundamental theorems concerning linear differential 
equations of the second order with discontinuous co- 
efficients, results which are perhaps of some interest apart 
from the special applications here made of them. Before 
entering on these questions, however, it will be convenient 
to describe accurately the kind of discontinuities with which 
we shall deal, and to establish certain general theorems. 


All the functions with which we shall have to deal in the 
present paper are, throughout the interval in which we con- 
sider them, single valued real functions of one or more real 
variables. Taking first the case of a function of a single 
variable f(z), we shall consider only the case in which 
this function has in an interval a=z =é a finite number of 
points of discontinuity. 

The simplest discontinuities from some points of view 
are the so-called finite discontinuities* of f(x), i. e., discon- 
tinuities z = ¢ for which a positive quantity 1 can be found 
such that in the neighborhood of ¢, | f(z)|< M. Going be- 
yond these finite discontinuities we have discontinuities at 


* Strictly speaking this includes the case in which the discontinuity is 
simply due to the fact that the function has not been defined at the point 
in question ; for example e—” at the origin. We will, however, here 
once for all make the convention that in such cases we will regard the 
function as being so defined at the point in question as to preserve the 
continuity if possible. 


= 
| 
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which the function becomes infinite for some or for all 
methods of approach. For our purpose we need merely to 
restrict these discontinuities by requiring that the functions 
do not become infinite more strongly than (z — c)~ where 
0<i<1. We may then describe the discontinuities with 
which we have to deal, including the finite discontinuities, 
as follows: 

(A) The functions f(x) with which we shall have to deal are 
such that a function (x) exists single valued and continuous 
throughout the interval a =x =b and such that at every point of this 
interval except ¢,, ¢, 


where0 <i<1. 

It should be noticed that for functions of this sort_/f(x)dz 
extended over a part or the whole of the interval ab is ab- 
solutely convergent, i. e., /|f(x)| dz is convergent. 

We shall also have to deal with functions of two or more 
independent variables z, 4, », --- which we can describe as 
follows : 

(B) The functions f(x ; 4, », +) with which we shall have to 
deal are such thut a function ¢ can be found which is a single 
valued and continuous function of (x, A, », when a=zBSbd, 
A, A, and such that for all of these values 
except when ¢,, ¢,, 6, 


where + is a constant satisfying the inequalityO<i1<1. 

We give now an important theorem concerning such 
functions : 

(C) If f(a; 4, is function of the kind described in 
(B) and if x, is a constant satisfying the inequality a=z,=b, 
then 


is a continuous function of (2, 2, #,--) for all the values in 
question. 

In order to prove this we have merely to show that »s 
Jz, 4, Sp, --- approach zero independently of eaca other tae 
difference : 


4F = 44 ) — F(x; 4, 
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approaches zero. Now we can write 


az 
We have, therefore, the inequality 
4F\ = A+ 4d, 4p, ~)—f(z; A, 
z+ Oz 
+ fife; ay) 


The second of these integrals clearly approaches zero as 
4x approaches.zero. The first may be written, if we use 
the same notation as is used in (B), in the form 


(z— ¢,) — ¢,) de, 
where = A+ 4A, w+ — A, w+). 


If now we denote the greatest value of | 4¢| in the interval 
a=z=b by « we see that the integral we are eonsidering 
does not exceed 


fi —¢,) —e,) | ~‘de. 


But owing to the uniform continuity of ¢, « clearly ap- 
proaches zero when 4A, 4», --- all approach zero. -Accord- 
ingly the whole integral, and therefore 4F, approaches zero, 
as was to be proved. 

(D) If f(z; 4, 4° ) ts @ function of the kind described in 
(B) and ¢(z, A, n, +) is throughout the region in: question a 
single valued continuous function of (x,4, u,-- ), then f.g is a 
function of the kind described in (B). 

The proof of this theorem follows immediately from (B). 

(E) If throughout the interval a=z=b, ¢(z) is single val- 
ued and continuous and ¢(c) = 0 (a SeBSb), then ifk > O0and 
x, is any point of ab 


j 
43 
: 
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In order to prove this let us take a point z, so near to ¢ that 
when | z— Now denoting the ex- 
gsm which stands above in square parentheses by F(x) 
we have 


so that when |z—¢| <|2,—e| 


—el*t? 


jdz| 


1 
zy —cl*t 


+ kejx—e}* 


The second of these two terms is evidently less than « 
while the first can be made less than « by taking ;z— | 
sufficiently small. No matter how small « may be chosen 
| F(z)! can be made less than 2< by taking |z—c| small 
enough, and this proves the theorem. 


$1. On Linear Differential Equations of the Second Order 
with Discontinuous Coefficients. 


Let us consider the differential equation 
(1) P(t) + 4(2) 


in which throughout the interval a=xz=6b the coefficients 
p and q are functions of the kind described in (A). We 
can, of course, not expect to find solutions y which satisfy 
(1) at all points of ab. We shall therefore seek func- 
tions which, together with their first derivatives are single 
valued and continuous throughout ab and except at the 
points of discontinuity (z = ¢,, ¢,, ---, ¢,) of p or q satisfy (1). 
In order to simplify matters let us first assume that there 
is only one point (x= c) of discontinuity in ab. It is at 
once clear from (A) that we can find a positive quantity M 
such that at all points of the interval a =z = 6 (except ¢c) 


Ipl< Miz—el“, Miz—el". 
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We will now prove that the method of successive approxima- 
tions enables us to find a function y which, together with its first 
derivative, is single valued and continuous throughout the interval 
a=zxz=b, which satisfies (1) at every point of this interval except 
at c, and which at ¢ has the arbitrarily prescribed value y while its 
derivative has the arbitrarily prescribed value y’ .* 

To prove this we will let 


Y,=r+7(z—¢) 
and compute the quantities Y,, Y,, --- from the formule 


-1 +9Y,_,)dz, 


dz, 


where accents denote differentiation. It should be noticed 
that the functions Y,’ and Y, as thus defined are continu- 
ous throughout the interval ab. We wish to prove that the 
series 

(3) 


converges throughout ab and represents the desired solution 
of (1). In order to prove this let us consider by the side 
of the series (3) the series formed by differentiating it term 
by term 


(4) + + 

We will begin by proving (3) and (4) uniformly conver- 
gent throughout ab. Let us write for brevity |2—e¢|=t. 
Let / be a positive quantity greater than 1 and such that at 
all points of ab, t <1; and finally let C be a positive quan- 


tity such that at all points of ab the inequalities | Y,|< C, 
| Y¥/l!<Chold. We will first establish the inequalities 


(20M 


1—i 


(2) 


(5) 


These formule evidently hold when x»=6. They will 
therefore be established for all values of n if assuming them 
* A precisely similar theorem holds for homogeneous linear differential 


equations of order higher than the second. The proof is essentially the 
same as that here given. 


F 

q 

q 
= 
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to hold for a given value of n we can show that they hold 
for the next larger value. Now we have 


1 n 


\1l—i 


Cc 2M1 1 


T 


Furthermore 
atl 


2M 
Thus formule (5) are established. From these formule 


we can deduce the following inequalities in which the vari- 
able ¢ no longer enters 


C 

6 
(6) 


From (6) it appears that each term in (3) and also each 
term in (4) is less than the corresponding term in the ex- 
ponential series 


en!) 1—¢ 


Since this last series is a series with positive constant terms 
and is known to be convergent, it follows that the series 
(3) and (4) are both uniformly convergent throughout ab. 
Each series, therefore, represents a continuous function of 
x aud (4) represents the derivative of (3). We will denote 
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the value of the series (3) by y. We see then that y is a 
function which, together with its first derivative, is single 
valued and continuous throughout ab. To prove that y 
satisfies (1) at every point of ab other than c let us differen- 
tiate (4) term by term 


— (pY, + ¢¥,) — (p¥, + — (pY¥, + — 


It is clear that this same series might have been obtained 
by multiplying (4) by — p and (3) by —q and adding. It 
is accordingly uniformly convergent throughout any part of 
ab which does not contain ¢, and is therefore equal to y”. 
On the other hand it is equal to — py’ —qy. Therefore at 
every point of ab other than c, y satisfies (1). 

Finally when z = o all the terms after the first in both 
(3) and (4) are zero while the first reduce to y and /’ re- 
spectively. Thus our theorem is established. 

We will now prove that every function y which satisfies (1) 
at all points of the interval a=x < e¢ (or of the interval e < x =b) 
approaches, as does also its derivative y, a finite limit as x ap- 
proaches c. To prove this let y, and y, be two of the solu- 
tions just obtained by the method of successive approxima- 
tions, chosen (and this is evidently possible) so as to be 
linearly independent of each other. Then y= Cy, + Cy, 
where C, and C, are two constants. Nowsince y,, ¥,', ¥,) 4, 
approach finite limits as x approaches ¢ it follows that the 
same is true of y and y’. 

Finally, we will prove that if throughout the interval 
a=z=b, y, and y, are together with their first derivatives single 
valued and continuous and except when x = ¢ satisfy (1), and if 
y,(¢) = y,(¢) =r and y,'(c) = y,'(¢) =)’, then y, = y, through- 
out the interval ab. For consider first the case in which y and 
y’ are not both zero. Then if y, and y, were not identical 
it is clear that they must be linearly independent. Every 
other solution y would therefore be expressible in the form : 
y= Cy, + Cy,, so that 


= (C, + C,)r 
and y (ce) = (C,+ C,)r’. 


We thus see that y(c) and y/(c) are proportional to y and 
y’ whereas we have proved that they can be arbitrarily 
chosen. This disposes of all cases except that in which 
y=7 =0, and here the theorem above stated will be es- 
tablished if we can prove that y, and y, are both identically 
zero. This, however, follows at once from the case already 


ig 
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considered as otherwise by adding y, or y, to a solution y, 
which does not vanish (or whose derivative does not vanish ) 
at c we should get a different solution which atc has the 
same value and the same derivative as y,, and this we have 
just proved to be impossible. 

The results just obtained can be at once extended to the 
case in which there is more than one point of discontinuity 
of p or q in the interval ab. For this purpose it is merely 
necessary to break up the interval ab into shorter intervals 
in each of which only one point of discontinuity lies. We 
thus get the following theorem 

I. If in the interval aSxz=b, p and q are functions of the 
kind ibed in (A) there exists one and only one function y 
which together with its first derivative is single valued and con- 
tinuous throughout ab, satisfies (1) at every point of ab except at 
the points of discontinuity of p or q, and has at an arbitrarily 
given point of ab (which may or may not coincide with one of the 
discontinuities of p or q) an arbitrarily given value while its de- 
rivative also has at this point an arbitrarily given value. 

Finally we note that theorems (E ) and (F ) Th. of Ose. 
1, pp. 297, 298 hold for the more general case with which 
we are now dealing in which p and q are functions of the 
kind described in (A). The same is true of the theorem 
concernin g the separation of the roots of two linearly inde- 
pendent solutions quoted in Th. of Ose. 2, p. 366. 


In §3 we shall have to deal with the case in which in (1) 
the coefficient p is still a function of the kind described in 
(A)* while q has a point of discontinuity ¢ at which it be- 
comes infinite more strongly than the functions described in 
(A) but only in such a way that the function (x — ¢)q be- 
longs to the class described in (A).. We will here again 
begin by confining ourselves to the case in which ¢ is the only 
point of discontinuity of p or q in the interval a=z=b, and 
we will prove that in this case the method of successive ap- 
proximations enables us to find a function y, which together with 
ats first derivative is single valued and continuous throughout the 
interval a =x =b, which satisfied (1) at every point of this inter- 
val, except at c, and which vanishes at ¢ while its derivative has at 
e the arbitrarily prescribed value y’.+ 


* In fact in the special case with which we there have to deal p= 0. 

TThis is merely a special case of the following theorem which can be 
proved by thesame method : If p,, Pa, ***; Pe, (2 — +5, (% — +2 

*, (z—e)"*—*pp are cece: the kind described in (A) whose only 
discontinuity is at c, then a function Y exists and «an be found by the 
method above used which with its first n — 1 derivatives is single valued 
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In order to prove this we will take as a first approximation 


and form the functions Y,, Y,, --- by means of the formule 
(2), p. 26. The first of the two integrals in (2) is now not 
obviously convergent since q has at ¢ a discontinuity up to 
which we cannot in general integrate. In order to prove 
this integral convergent it is clearly sufficient to prove that 


Y, = ¢,(z) 


where ¢,(z) is continuous atc. This formula holds when 
n = 0, for then we have g, =’. If then, assuming that it is 
true for a given value of n, we can prove it true for the next 
larger value the convergence of our integral will be estab- 
lished. We will then assume the formula true when we 
give n the valuen—1. Then Y/’ is a continuous function 
of z when a=xz=b, and the same is therefore true of Y,. 
Remembering that Y,(c) =0 we have by the law of the 
mean 


¥,(2) = (—e) 


where |z—¢|<|z—c|. We have therefore Y,'(z), 
and since Y,’ is continuous at ¢ and Y,/(c) = 0 we see that 
¢,(x) approaches the limit zero as z approaches. If then 
we define ¢,(z) to have the value zero when z= ¢ we see 
that ¢, is continuous at ¢ as well as elsewhere. 

Having thus justified the definition of the quantities Y, 
the next step is to prove that the series (3) and (4), p. 26 are 
uniformly convergent. For this purpose we need a few in- 
equalities. 

In the first place it is clear that we can find a positive 
quantity M such that at all points of ab (other than c) 


ipi< Miz—el—. 


We then establish by mathematical induction (the reason- 
ing being almost identical with that used in the analogous 
case on p. 27) the following inequalities 

and continuous throughout ab, which at every point of ab except ¢ satis- 
fies the differential equation: 

d= 
and which at ¢ vanishes together with its first n — k — 1 derivatives while 


-1 
the derivatives have arbitrarily prescribed values at c. 


} 

a 

| 
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=): 


where as before we have let |z—c|=t. By means of these 
inequalities the uniform convergence of (3) and (4) is estab- 
lished at once as on p. 27, and as there it is shown that (3) 
therefore represents a function y, of the kind desired. Our 
theorem is thus proved. 

A few simple facts about these functions y, must be noted 
before we go further. In the first place it is clear that 
if 7’ =0 y, is identically zero. Apart from this trivial case 
it is clear that y, cannot hare an infinite number of roots in the 
interval ab, for these roots could (by (E) Th. of Ose. 1, p. 
297) have no other point than ¢ as a limiting point. and this 
would clearly require the vanishing of y,’(c). 

In the second place we can write 


= E(x), 


where E(x) is single valued and continuous throughout ab and 
E(e)=y7'. For E(x) will of course be continuous every- 
where in ab except atc. In order to prove our theorem it 
is therefore sufficient to show that 


lim E(x) =/’. 


This follows at once from the law of the mean which telis 
us that y,(7) = —c) y,'(z) where:z—el<|z—cl. We 
have then E(x) = y,'(z), so that 


lim E(2) = lim y/(z) = 

It is clear that the solutions y, so far obtained are 
linearly dependent, differing only in the value of the con- 
stant factor 7’. We proceed to prove that any solution of (1) 
linearly independent of the solutions y, just obtained approaches a 
finite limit different from zero as x approaches c. 

In order to prove this let us remember that if x, is a point 
so near to that y, +-0 when jz —clSlz, —el 


paz 
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is a solution of (1) linearly independent of y,. Writing as 
above y, = (« — e) E(x) we have 


Now we will write 


Ie = K+ F(z), 
where K is a constant different from zero and F(z) is single 
valued and continuous while F(c)=0. We then get 


As zx approaches ¢ it is clear that the first of these three 
terms approaches a finite limit different from zero, while the 
second approaches zero. By (E) the third also approaches 
zero. y, therefore approaches a limit different from zero. 
Now every solution of (1) linearly independent of y, may 
be written in the form: y= Cy, + Cy, where C,+-0 so 
that the truth of our theorem is evident.* 

The functions y, with which we have been dealing may of 
course be extended continuously throughout larger intervals 
where p and q have other discontinuities than ¢ provided 
that these discontinuities are of the kind described in (A). 
We are thus led to the following theorem : 

II. Uf in the interval a=xz=b, p and (x—e)q (wherea= 
e=b)are functions of the kind described in (A), there exists ou+ 
and except for a multiplicative constant only Me) promo yns y, which 
together with its first derivative is single valued and continuous 
throughout ab, satisfies the differential equation (1) at every point 
of ab except at the points of discontinuity of p and q, and van- 
ishes when x= c. 


We have so far regarded the coefficients p and q as func- 
tions of z only. We shall, however, in what follows be 
obliged to regard them as involving also a parameter 2. 

Let us first suppose that when a=2=), 4,545, pand 
q are functions of the kind deseribed in (B). We begin as 
before with the case in which there is only one value z = ¢ 
for which p or q is discontinuous, and apply the method of 


*It may ; be added that the derivatives of solutions linearly indepen- 
dent of y, will not in general approach finite limits at c. 
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successive approximations regarding ; and 7’ as constants.* 
In the analysis of pp. 26-28 we have merely to consider the 
nature of the dependence upon / of the quantities which 
appear. Thus M may be taken as independent of 4% Y, 
and Y,’ will be by (C) continuous functions of (2,4). The 
analysis moreover proves that (3) and (4) are uniformly 
convergent not merely with regard to z but with regard to 
(z,4) so that y and are continuous functions of (7,4). 
This result we state as follows : 

Ill. If and 1,=A p and q are funetions 
of the kind described in (B), the solution of (1) " hick together 
with its first derivative iz constant for an arbitrarily given value 
z=, (4=2,=b), is together with its first derivative a con- 
tinuous function of (4,4) when aSzSb, 

Finally we come to the case of differential equations in 
which p and (x — e)q are functions of the kind considered 
in (B), concerning which the following theorem may be 
stated : 

IV. when and 4,=1 p and (x — (where 
asScBb) ave functions of the kind dnctibed in (B), the solution 
of (1) which vanishes when z= e and whose derivative has at this 
point a constant value is when aSx=b and 4,=1 35,4, together 
with its first derivative a continuous function of (2,4). 

The proof here is almost precisely the same as for theorem 
III. The only point which presents any difficulty is the 
proof that Y,' is a continuous function of (z,4). In order 
to prove this let us write as on p. 30 


Y, (2,4) = (x — e)¢, (2,4) 
so that 


= — + (4 — dz. 


If then we can prove that the functions ¢, are continuous 
functions of (z,4) when z = ¢ (they are obviously continuous 
for other values of x) we could as before infer that the func- 
tions are continuous functions of (2,4). We shall of course 
here again use the method of mathematical induction : not- 
ing that ¢,=/7’ is continuous, then assuming that ¢,,¢,, ---, 
¢,—. are continuous. From this it follows that Y,’ is a con- 
tinuous function of (2,4). Now we have (see p. 30) 


= 


where |z— el whence the continuity of ¢, when 
z= c follows at once. 


* The result and the method of ee would remain the same if y and 
y/ were any continuous functions of 2. 


| 
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§ 2. Extension of Results of Previous Papers to Equations with 
Discontinuous Coefficients for which the Boundary 
Conditions may Remain General. 


Leaving for the next section equations for which we 
should have to base our results on Theorems II and IV of 
the last section, we consider in the present section exten- 
sions of our previous results based on Theorems I and III. 
Here we may state at once the theorem 

V. All the theorems stated in Th. of Ose. 1, §§ 1, 2, and Th. 
of Ose. 2, § 1, remain true for differential equations whose coeffi- 
cients instead of being continuous functions of x or (x, 4) are 
functions of the kind described in (A) or (B).* 

The truth of this statement is at once obvious when we 
refer to the proofs of the theorems in question. These 
proofs would require only a few modifications which, in 
view of the results of the last section, are so obvious that it 
does not seem necessary to dwell upon the matter further. 

There remain then to be generalized the results contained 
in Th. of Ose. 2,§2. We start here from the differential 
equation (1) in which 


q(x) = 7(2) + (2) + + 


and where p, 7, and ¢ are independent of the parameters 
(,, --, C, We have to consider the k + 1 finite intervals 
a,b,, a,b, such that 


<b, Sa, <b, Sa, < b, 


and the k + 1 points ¢,, --, 5, such thata,< We 
will now assume first that each of the functions 


dr+f,  (i=0,1,--,k) 


(where g, is any constant not zero and f, any constant) is a 
continuous function of z throughout the interval a,=z =b.. 

This will of course be the case if p is a function of the kind 
described in (A), but it will also be true in some other 
eases which we shall find important.+ This first assump- 


* In fact, in Th. of Osc. 1, Theorem VILI, and 7h. of Ose. 2, Theorem 
III, it is not necessary that ¢(z, 2) should be a function of the kind de- 
scribed in (B) for the whole interval L >?2 >. It is sufficient that this 
should be the case for every interval 7, =? =A, contained in the interval 
just mentioned. 
7Cf. for instance p. 37. 
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tion makes the interval a,b, of the z-axis correspond in a 
one to one manner to a finite interval o,7, of the ¢, axis. 
Secondly we will assume that 


are throughout the interval 4,7, (including the ends) func- 
tions of ¢, of the kind described in (A) ; and 

Thirdly that ¢'(x) does not change sign in any one of these 
intervals or have an infinite number of roots in them. 

Under these circumstances we have the following 
theorem 

VI. There is one and only one real determination of the par- 
ameters C,, C,,---,C, for which the equation (1) has k + 1 solu- 
tions °° such that y, (i = 0, 1,---,&) has just m, roots in 
the interval a, < x < b, and satisfies the Phas Pt 


d 
a! (a,) = 0, 


Here the quantities m, are any integers positive or zero, 
and a, «/, 8, 3/ are any real quantities subject only to the 
restriction that a, and a/ are not both zero and that 7, and 
&/ are not both zero: 

The proof of this theorem is practically identical with 
the proof of Theorem IV., Th. of Ose. 2* so that we will 
omit it here. It should be noticed that this theorem in- 
cludes as special cases Theorems IV and V of Th. of Ose. 2. 

An important application of Theorem VI is to the gen- 
eral linear differential equation of the second order which 
is ei regular 


1—:, — , — x!" dy 


f(*) z—e, 


+ + + y= 0, 
where f(z) = (x — e,) (x@—e,) (4#— ,). 


* The greatest difference comes in in (a) Th. of Ose. 2, p. 373, where we 
must now prove % to be not a continuous function of (t, Cx) but a fune- 
tion of the kind described in (B). 
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At this point we will define a term which we shall find it 
convenient to make use of in what follows. By the funda- 
mental solutions of (7) corresponding to the singular point e, we 
shall understand the solutions of (7) which can be developed about 
e; in the form* 


= (2 —e)*[1 + +9, (2-6)? 
= [1 + 9," (2-6) + 9," (2-6)? 


If we have occasion to distinguish between these two solu- 
tions we shall do so by speaking of the first as correspond- 
ing to the exponent ~; the second to x’. Moreover if we 
recall that a non-singular point ¢ of (7) may be regarded as 
having exponents } and 0 we see that it will be natural to 
understand by the fundamental solutions of (7) corresponding to a 
non-singular point ¢ the solutions which can be developed about c 
in the forms 


+9, (2-0)? +9 (2-0)? 


We assume as before that the coefficients of (7) are real 
for real values of x (Cf. Th. of Ose. 2, p. 375 (a) — (d) ); 
and letting k=n—2 we consider the k+ 1 intervals 
a, =x =b(i=0, 1, --, k) where 


<= <= : — 
a, <b, 54, <b, 5a, <b, 


If no singular point lies in any of these intervals it is clear as 
stated in Th. of Ose. 2, p. 375, that the simple form of Klein’s 
theorem of oscillation is at once applicable. Let us now en- 
quire how it is if one of the intervals a, just reaches up 
with one of its ends to one of the real singular points of (7). 
Let us say for the sake of distinctness.a,=e,. There are 
two cases to consider : 

1. The case in which the exponents ~,’, z,"" are conjugate 
imaginaries. Here it is at once obvious from the form of 
development about e, that every real solution of (7) has an 
infinite number of roots in the neighborhood of e, so that the 
theorem of oscillation cannot be extended to this case. We 
need then merely to consider : 

2. The case in which <’,~z,” are real. We will at first 
consider here only the special case (to which, however, as 


*In case x/ —x/’ is an integer, that one of these series into which the 
smaller of the exponents enters would have to be replaced by a more 
complicated expression which, however, we shall not have occasion to use. 


ie 
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we shall see presently the general case can be reduced*) in 
which x,” = 0 while x,/>0. Here 


(= 1—«3'—«2” 1— Kp’ — xn’ 


¢,)** E(2) + 4%, 


where E(z) is continuous throughout the interval 4= 2b, 
and E(e, )+-0. The condition of continuity of ¢; is there- 
fore satisfied since by hypothesis z,’ > 0. 

A relation which we shall need i in a moment can at once 
be deduced from the value of ¢, just obtained, viz : 


(t,—9,)" 


where E, is a single valued and continuous function of ¢, 
throughout the interval o,r, including the ends, and 


E,(4;) +0. 
Going a step further we have 


+ + Cat], 
1 
¢(2) = f(a)’ 
where f(z) = and finally 
ras 


where k is a constant different from zero. We may there- 


fore write, using the value of z — e, in terms of ¢, above ob- 
tained 


= (r—¢,)'"*" F(z) = 


* Except the case of equal exponents which as we shall see is excluded. 
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where Fy and F, are both continuous thropghout the in- 
terval e, =z =b, ‘and %, and %, are both continuous through- 
out the interval oF, including ‘the ends. The functions 


tte’ 


are therefore functions of ¢, of the kind described in (A) 
provided that 0<x,’<1. Jf this last inequality holds theorem 
VI may therefore be applied. Moreover it is a that in- 
stead of allowing one of the points ap, bo, a -- to coincide 
with a singular point of (7) we might os tr any 
number of them to do so provided that one of the exponents 
of each of the singular points thus involved is zero while 
the other is real, greater than zero, and less than one. 

The conditions to which the solutions y, are subjected at 
the points a,b, may be stated in the cases with which we are 
now concerned in a very simple form if we use the concep- 
tion of the fundamental solutions corresponding to these 
points. Suppose for instance that the singular point e, is 
one of the points a,, then y, satisfies the condition 


a/y.(¢,) — 


Now y,can be written k?y” + pay where k® and k® are 
constants and y” and y” are the fundamental solutions corre- 
sponding to the exponents z,’ and 0 respectively at e,. Sub- 
stituting this value of y; into the above condition we readily 
see, when we use the explicit expression for ¢, in terms of 
z, that the condition reduces to 


a/k® —a Kk” =0 


where K is a constant different from zero and independent 
of the parameters C. Now since a/ and a, can be chosen as 
any two constants not both zero we see at once that the con- 
dition can be expressed by saying that y, is to be proportional to an 
arbitrarily chosen linear combination of the fundamental solutions 
corresponding to 

The condition 7’y(¢e) — yy'(e) = 0 at a non-singular point 
may also be stated in this form, for letting y= k%y® + 
k®y®, where y® and y® are the fundamental solutions cor- 
responding to c, we see at once that our condition reduces 
to 7’k® — yk =0, and this is equivalent to requiring that 
y be proportional to an arbitrarily chosen linear combination 
of y” and y”. 
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So far we have merely considered the case in which one 
of the exponents of each of the singular points with which 

we have to deal is zero. Let us now consider the more 
general case in which the exponents Pad and x," of these 
points. are any real quantities where </ > mes We will let 
— xi" = x,; and denote by — the product of the 
expressions (z — ¢,)“'’ taken for all the singular points which 
coincide with any of the points a, or b Now let 


y=T(z—6)" -y 


and we get as the differential equation satisfied by y an 
equation differing from (7) in only two respects : 

1st. the exponents of the points e, which coincide with 
points a, or 6; are now ~, and 0 instead of x/ and z;/’. 

2d, the parameters --- of the transformed equa- 
tion are connected with the parameters C,, C,, --, C,_.0f the 
original equation by relations of the form : C,= C, + k, where 
the constants k, are independent of the C’s. 

We may therefore determine the parameter C by applying 
the theorem of oscillation to the transformed equation pro- 
vided that 0< x,<1; and the C’s being thus determined 
the C’s are uniquely determined. It remains then merely 
to show that we can so arrange the conditions of the theo- 
rem of oscillation when we apply it to the transformed 
equation as to give any desired conditions for the original 
equation. 

In the first place it is clear that the roots of a solution 
y,in an interval a¢,;C2#< b, are precisely equal to those of 
the corresponding solution y; in this interval, and therefore 
in particular that y, and y, have the same number of roots 
in this interval. Moreover if y and y® are the fundamen- 
tal solutions of (7) corresponding to a point ¢ (whether this 
point be singulanor non-singular is immaterial) and ¥” 
although not themselves the fundamental solutions of the 
transformed equation differ from them only by the same 
constant factor. We may then state the following theorem : 

VII. If the coefficients of equation (7) are real for real values 
of x and if the k + 1 intervals (kS=n—2) a,b,, a,b,, ---, a,b, are 
so situated that 


Ist, a, <b, Sa, <b, Sa, 
2d, no singular point of (7) lies in any of the intervals 

? ’ 


1, 
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3d, the points a, and b, themselves, so far as they are singular 
points of (7), have unequal real exponents whose difference is nu- 
merically less than 1; 

Then, the quantities m, being any integers positive or zero, 
there is “A and only one real determination of the poreeine 
C,, i ++, C, for which (7) has k + 1 solutions y,, y,,--- , y, such 
that y; has “just m, roote in the interval a, < 2 <b, and at each ex- 
tremity of this interval is proportional to an arbitrarily chosen linear 
combination of the fundamental solutions corresponding to this ex- 
tremity. 


§3. Extension of Results of Previous Papers to Equations with 
Discontinuous Coefficients for which the einai 
Conditions must be Specialized 


We will begin here by considering equations of the form : 
ey 
(8) 


where the coefficient ¢ is such that throughout the interval 
a =z=b, (x—a)¢ is a function of the kind described in 
(A) or (B). Here we see by Theorems II and IV that 
we can no longer require of solutions y that they shall sat- 
isfy the conditions y(a) =<, y/(a) = a’ where « and a’ are 
arbitrarily given, but that we must now restrict ourselves 
to the boundary condition y(a) = 0. With this restriction, 
however, many of the results of the previous papers may 
be extended to the case now before us by methods practically 
identical with those there given. We may say : 

VIII. All the theorems contained in Th. of Ose. 1, § 1, 2 as 
well as Theorem III, Th. of Ose. 2 remain true if instead of ¢ 
being a continuous function of x or (x, 2), (x — a)¢ isa function 
of the kind deseribed in (A) or (B), provided we leta=Oin 
these theorems. 

Theorems almost identical with these would of course 
hold if the points a and b were interchanged (Cf. Th. of 
Ose. 1, §2, last paragraph). 

The methods used in the previous papers are not, how- 
ever, applicable to the case in which ¢ becomes infinite both 
at a and at b more strongly than the functions described in 
(A) or (B). We shall, therefore, need a somewhat new 
method to prove the following theorem of oscillation : 

IX. whena=. Sband L>1>1,* (x—a) (x — b)e(z, 2) 
isa Junetion of the kind described i in and if when a =x=b 


* We may have or!=—o or both L and / may be infinite. 
Cf. also the first footnote on p. 34 which applies here. 
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lim ¢(z, and lim 9(z, 
= A= 

comps pete. for a finite number of values of x in the interval 
a=z=)b; there will be one and only one value of A wn the inter- 
val IL > A> 1 for which (8) has a solution which has just m roots 
(m being any integer positive or zero) in the intervala <2 <b 
and which vanishes 

In order to prove this let us take a point ¢ so that 
a<c<b. Let us denote by y, and y, solutions of (8) 
which vanish at a and 6 respectively. It will be convenient 
‘to speak in the following proof of the aggregate number of 
roots of y, and y, in ab meaning thereby the integer obtained 
by adding to the number of roots of y, in the interval a < z<e 
the number of roots of y, in the interval e<2<6 and 
increasing this number by 1 if y, or y, (or both) vanish 
at c. Our theorem will clearly be proved if we can show 
that there is one and only one value of 4 in the interval 
L>AiA>l1 for which y, and y, are linearly dependent while 
this aggregate is m. For if y, and y, are linearly dependent 
they can be made equal by multiplying one of them by a 
suitable constant. 

Now we see from VIII (and Th. of Osc. 2, theorem IIT) 
that there is one and only one value of 4 in the interval 
L>i>l, say As for which y,(2, 4,') has m, roots in the 
interval a < z< ce while y,(¢,4,’) =0. There is also one 
and only one value of 4 in the interval L>i>l, say as 
for which y,(z,4,”) has m, roots in the interval ¢<z <b 
while y,(¢,4,.”") =0. Let us consider the two sequences 
AL amd 4,”, 2,",4,", Each of these sequences is 
arranged in order of decreasing magnitude. Let us now 
arrange the terms of the two sequences in a single sequence 
Ayy in. order of decreasing magnitude ; it being un- 
derstood that if 1’ = 2,” these two terms shall be represented 
by only one term in the new sequence. Let us denote by 
», the aggregate number of roots of y,(z, 4,) and y,(z, 4,) in 
ab. Then it is clear that in general »,,,= », + 1, the only 
exception being that if y,(¢, 4,) = y,(¢, 4,) = 9, + 2- 
In the sequence of integers p,, ,, ---, one at least of the two 
integers m and m— 1 must, therefore, be present. Let us 


¢ This inequality need not of cou:se hold for the points of discontin- 
uity of 9. Moreover, there must be some points (besides these poinst 
of discontinuity: where the equality sign docs not hold. 


q 
| 


42 THE THEOREMS OF OSCILLATION. [Oct., 


give to k the value which makes », = m if this is possible, 
and if not the value which makes », = m — 1. 

One case we can dispose of at once, viz., that in which 
=m and y,(¢,4,) = y,(¢,4,) =0. When the aggre- 
gate number of roots of y, and y, in ab is less than m, when 
4 <4, it is greater than m. Accordingly when 4 and 
for this value only is the aggregate equal tom, Moreover, 
for this value y, and y, are linearly dependent since they 
both vanish when z=c. In this case then our theorem is 
proved. 

Apart from this case, which we now exclude, it is clear 
that 4= 4, is not the value of 4 we are seeking. Leaving 
aside this value then we see that the aggregate number of 
roots of y, and y, in ab is equal to m when and only when 
A,>A>Any:. It remains then to prove that in this range 
of values of 4 there is one and only one value for which y, 
and y, are linearly dependent, 7. e. (since y,(¢,4) +0 an 
y,(¢,4)+4-0) for which y'(c, == y,'(¢, 4)/y,(¢, 4). 
This follows at once from Th. of Ose. 1, theorem II for as 2 
decreases from 4, to 4.,, y,'(¢,4)/y,(¢, 4) will be decreasing 
continuously while y,'(c,4)/y,(¢,4) is increasing continu- 
ously. Moreover we must have either y,(¢,4,) =0 or 
y,(¢, 4,) = 0 and either y,(¢, 4.,,) = 0 or y,(¢, 4441) =0. Ac- 
cordingly when 4 = , and also when 2 = 4,,, one of the two 
ratios y/y just considered is infinite. There are four possi- 
bilities here, viz.: Ist, y,’/y, decreases from + 0 to—o; 
2d, y,'/y, decreases from + o to a finite limit while ,'/y, 
increases from a finite limit to + «; 3d y,'/y,, decreases 
from a finite limit to — while y,'/y, increases from — 
to a finite limit; 4th, y,’/y, increases from — © to.+ 0. 
In any case, however, it is clear that the two ratios become 
equal once and only once, as was to be proved. 

In this proof we have tacitly assumed that m+-0. The 
changes necessary in the case m= 0 are however so slight 
and so obvious that it does not seem necessary to dwell 
upon them.* 

The generalization of Klein’s theorem of oscillation fol- 
lows now so readily that we merely give the result : 

X. Theorem VI still holds if we drop at some or all of the 
points a, and b,(i=0, 1, ---, k) the req:::rements that 


z-e and 


* Were it not for this case m0 we might have followed a slightly 
simpler method analogous to that used by Picard in a somewhat similar 
ease. Cf. Traité d’Analyse, vol. 3, p. 122. 
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be functions of the kind described in (A) and merely require that 
these functions when multiplied by x — a, (or by x — b,) are fune- 
tions of the kind deseribed in (A) PROVIDED, that at the points 
a, and b, just mentioned we require that a,= 0 and §,= 0. 

If we apply this theorem to equation (7) we get 

XI. Theorem VII still holds if we allow some or all of the 
points a, and b, to be singular points with unequal real exponents 
whose difference is no longer restricted to being numerically less than 
1, PROVIDED that at each of these points we require that the cor- 
responding solution y, should be proportional to the fundamental 
solution corresponding to the greater exponent of this point. 

Theorems VII and XI include all the cases for which 
Klein has discussed the theorem of oscillation in his litho- 
graphed lectures: Lineare Differentialgleichungen der 
zweiten Ordnung, 1894, or for which he has there expressed 
the opiriion, based on analogy with simpler cases, that the 
theorem is probably true. 

We close by noting two slight generalizations : 

1st The proof of theorems VII and XI would not be in 
the least affected if instead of the polynomial 


+ C, 


which enters equation (7) we had a polynomial of degree 
greater than n — 2, in which case the point z= o would be 
an irregular point. The number k + 1 of intervals a, b, might 
of course then be correspondingly increased. 

2d Theorems VII and XI still remain true, the proofs not 
being essentially affected, if several of the points ¢,,¢,, ---, ¢, 
coincide. provided that none of the intervals a,b, reaches up 
to such a “‘ multiple ’’ poiat, which will obviously in general 
be an irregular point. 


[Note added Sept. 14, 1898: It was not until the present 
paper was in print that I noticed that some of the theorems 
contained in it had been proved for a particular differential 
equation and in somewhat restricted form in a paper by 
Van Vieck ‘‘ On the Polynomials of Stieltjes’’ in the June 
number of the Buttetin. There is even an analogy of 
method between the proof of Van Vleck’s Theorem IV and 
that of my Theorem IX. It may therefore be well to state 
that I was in possession of all the results and methods of 
the present paper last February (Cf. a remark in the .mid- 
dle of p. 365 Th. of Ose. 2) and was prevented from work- 
ing them out in detail only by press of other work. ] 


HARVARD UNIVERSITY, CAMBRIDGE, Mass. 
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NOTES. 


Tue American Association for the Advancement of Sci- 
ence will hold its annual meeting in 1899 at Columbus, 
Ohio. Dr. ALEXANDER MACFARLANE is vice-president, and 
Jouy F. Hayrorp secretary, for the section of mathematics 
and astronomy. Professor Epwarp Orton, of Ohio State 
University, was elected president of the Association. 


Tue British Association for the Advancement of Science 
will hold its meeting for 1899 at Dover, on September 13-20. 
The French Association will meet at about the same time on 
the opposite side of the channel, at Boulogne,-so that active 
intercourse between the two associations is likely to be an 
attractive feature of the meetings. 


INTERNATIONAL CONGRESS OF MATHEMATICIANS AT PARIS 
1x 1900. The Mathematical Society of France has elected 
a committee of organization and decided to hold the congress 
from the 6th to the 12th of August, 1900. The committee 
of organization is made up of two committees. one occupied 
with the scientific works and the other with the administra- 
tive functions. Of the former committee, M. PorncarE is 
president, MM. Apprett and Picarp, vice-presidents, and 
M. Rarry, secretary; of the latter committee, M. DarBsoux 
is president, MM. Harton pe LA GoupiLLizRe and VICAIRE, 
vice-presidents, MM. Duvorcg and LalIsAnt, secretaries, 
and M. Déstré ANDRE, treasurer. The president of the so- 
ciety, M. Lecornu, is also at the head of the joint-com- 
mittee. The headquarters of the commission are those of 
the Mathematical Society, 7, rue des Grands-Augustins, 
Paris, to which address all communications relative to the 
international congress of mathematicians should be sent. 


Tue French translation of Prorressorn WEBER’s Algebra, 
undertaken by M. J. Grigss, has just been published by 
Gauthier-Villars, of Paris. Prorrssor E. Pascat, of the 
University of Pavia, has issued the first volume of his 
‘- Repertorio di matematiche superiori’’ through the press of 
U. Hoepli, of Milan ; the work is to be complete in two 
volumes, occupied with analysis and geometry respectively. 


A FACSIMILE of the Rhind mathematical papyrus, is to be 
issued by the trustees of the British museum. 


Ar the last meeting of the French Association for the 
Advancement of Science at Nantes in August of this year 
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about thirty thousand francs were voted as grants in aid of 
scientific work, thirteen thousand francs being from the 
funds of the Association, and nineteen thousand from the 
Girard legacy fund. 


AN anonymous donor has placed at the disposal of the 
Council of the University of Paris a sum of fifteen thousand 
dollars, to be renewed yearly during the next three or four 
years, for the founding of five travelling scholarships of 
three thousand dollars each. These scholarships are to be 
held by graduates contemplating secondary teaching as a 
career, and one of the chief conditions attached is that the 
holders of the scholarships must be able to speak English. 


Tue Berlin Academy of Sciences, at its meeting this year 
in celebration of the birthday of Leibnitz, announced the fol- 
lowing prize problem for 1902 : 

** Let f,(z),f,(z),.f,(2) be a fundamental system of 
integrals of a linear homogeneous differential equation with 
algebraic coefficients. A thorough eo is demanded 


of the function of the variables — 4 % ng which is defined 


by means of the equation 


uf, (2) + uf, (2) +4,f, (2) = 0. 
In particular a representation of the function is to be ascer- 
tained for the case in which z is a finite-valued function. 
The discussion is to be included of the question to what ex- 
tent these particular functions can be made of value in the 
integration of linear differential equations of the nth order.’’ 

Also the following prize problem, on the Eller legacy 
foundation, was set for 1904 : 

‘* A new method for the determination of the solar con- 
stant is to be devised, or one of the known methods so far 
improved, that the influence of the variable distance be- 
tween the earth and the sun in observations made at dif- 
ferent times of the year be unequivocally recognizable. 
The method chosen is to be verified by series of observations 
sufficiently extensive, embracing at least three perihelia and 
three aphelia. ’’ 

These problems were previously proposed in different 
forms, the first at the Leibnitz meeting of 1894, the second 
at that of 1892. Both remained unsolved. Solutions will 
be received in German, Latin, French, English, or Italian up 
to the thirty-first of December, 1901, and 1903, respectively. 
No manuscript revealing the name of the author will be ac- 
cepted. Each manuscript is to bear a mark or nom-de-plume, 
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and to be accompanied by a sealed envelope containing the 
name and address of the author and bearing outside the 
corresponding mark or assumed name. The prize for the 
solution of the first problem is five thousand marks, that of 
the second, two thousand marks. Manuscripts should be 
sent to the Bureau of the Academy, Berlin NW. 7, Uni- 
versitatsstrasse, 8. 

Tue royal mathematical prize, given by the King of 
Italy, has been recently awarded to Professors CoRRADE 
Secre and Vito VotterrA. The prize was divided equally 
between them. There were eight competitors, who sub- 
mitted about ninety written and printed memoirs. The 
award of the astronomical prize has been deferred for a 
period of two years, but a sum of three thousand lire has 
been awarded to Professor Fittpro ANGELITTE in considera- 
tion of his editing and discussing the unpublished writings 
of Professor Carlo Brivschi. 


University oF Bertin. The following courses in mathe- 
matics are announced for the winter semester of 1898-99 :— 
By Professor Fucus: Theory of elliptic functions, four 
hours ; Theory of linear differential equations, four hours ; 
Seminar, two hours.—By Professor Scuwarz: Differential 
calculus, four hours; Exercises, two hours; Calculus of 
variations, four’ hours ; Special problems, two hours; Col- 
loquium, two hours; Seminar, two hours.—By Professor 
Fropenius: Theory of algebraic equations, four hours ; 
Seminar, two hours. —By Professor Knopiauca : Theory of 
curved surfaces, four hours ; Theory and application of de- 
terminants, four hours ; Exercises, one hour.— By Professor 
Hewnse.: Theory of numbers, four hours; Integral calcu- 
lus, four hours; Theory of surfaces and curves in space, 
two hours.—By Professor Hoppe: Analytic geometry, four 
hours ; Differential calculus, four hours. 


University oF GorTinceN. The announcements for the 
coming winter semester embrace the following courses in 
mathematics :—By Professor Kiern : Theory of functions, 
four hours ; Seminar, in conjunction with Professor Hilbert, 
two hours.—By Professor HitBert: Mechanics, four hours; 
Theory of determinants, two hours ; Elements of Euclidean 
geometry, two hours ; Theory of functions of real variables, 
together with Professor Klein, two hours.—By Professor 
ScnHoENFLigs: Projective geometry, four hours ; Exercises 
in descriptive geometry, two hours ; Proseminar, one hour. 
—By Dr. Bontmann: Integral calculus, four hours ; 
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Mathematical principles of insurance, three hours; Exer- 
cises and seminar in the latter, two hours. 


University oF VieNNA. The courses in mathematics 
offered for the winter semester are as follows :—By Profes- 
sor v. Escnerica: Theory of functions. three hours; Dif- 
ferential equations, three hours ; Proseminar, one hour ; 
Seminar, one hour.—By Professor GEGENBAUER : Elements 
of the infinitesimal calculus, with special reference to the 
needs of chemists, physicists and natural scientists, five 
hours ; Exercises on the latter, one hour; Proseminar, one 
hour ; Seminar, two hours.—By Professor Mertens: Theory 
of numbers, five hours ; Proseminar, one hour ; Seminar, two 
hours.—By Professor Koun: Introduction to synthetic ge- 
ometry, four hours ; Algebraic curves, one hour.—By Dr. 
Sersawy: Lectures on the mathematics of insurance, three 
hours. —By Dr. TauBer : Spherical harmonics and their ap- 
plication to mathematical physics, three huurs ; Mathematics 
of insurance, four hours ; Exercises on the latter, two hours. 
—By Dr. ZinvptEerR: Elements of kinematics, two hours.— 
By Dr. BiascuxeE : Introduction to mathematical statistics, 
three hours.—By Dr. Zst¢monpy: Application of the in- 
finitesimal analysis to geometry, two hours; Fourier’s 
series, one hour.—By Dr. DauBLEssky vy. STERNECK : Ap- 
plication of the calculus to geometry, two hours. 


Paris Facutty or Sciences. The mathematical courses 
offered during the first semester of the current academic 
year are the following:—Professor G. Darsoux: Theory of 
triply orthogonal systems.—Professor E. Govrsat: Differ- 
ential and integral calculus and its applications to infinitesi- 
mal geometry.—Professor P. Arpeti: General laws of 
equilibrium and motion.—Professor V. J. Buusstnesq: 
Theory of elasticity—Professor G. Kornics: Kinematics 
of solid or deformable bodies.—Mr. Rarry: Mathematics 
introductory to various scientific disciplines.—Mr. An- 
poyerR: Theory of the determination of the orbits of planets 
and comets, and theory of special perturbations. In addition, 
Professor H. PorncarEé conducts conferences in the new 
theories of electrodynamics, and particularly in the theory 
of Lorentz. Other matiiematical conferences are conducted 
by Messrs. HADAMARD, PursEUx, ANDOYER and BLUTEL. 

For the second semester the following courses have been 
announced:—Professor Picarp: Partial differential equa- 
tions from the point of view of mathematical physics.— 
Professor Goursat: Differential equations.—Professor Porn- 
CARE: Figures of the heavenly bodies and their motions 
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about their centers of gravity.—Professor BovussinEsg: 
Equilibrium of elasticity of the sphere; propagation of mo- 
tion in an elastic and homogeneous medium of infinite 
dimensions.—Professor Koenics: Study of machines. Pro- 
fessor APPELL will also lecture, but the subject of his course 
has not been announced. 


In resigning the professorship of geometry in the Uni- 
versity of Leipzig to accept a professorship of mathematics 
in the University of Christiania, Prorressor Sopuus Lik re- 
turns to hisalma mater. At the age of sixteen he entered 
the University of Christiania in 1859; passed his ‘‘ Stats- 
examen "’ in December, 1865 ; received his doctor’s degree 
in July, 1871, the subject of his dissertation being ‘‘ Om en 
classe geometriske transformationer.’’ In the latter year 
he became ‘‘ Universitetsstipendiat i mathematik ’’ (privat 
docent), which post he resigned in 1886 to take the chair 
offered by the University of Leipzig. 


ProressoR BARTHOLOMEW Price, Master of Pembroke 
College, Oxford, .has resigned the Sadlerian professorship of 
natural philosophy, after a tenure of forty-five years. 


Proressor J. R. Eastman, who has been continuously 
connected with the United States Naval Observatory since 
1862, has retired. 


Tue deaths of Prorrssor Paut Serret, of Paris, and of 
Dr. Cuarves E. Emery, non-resident professor of engineer- 
ing in Cornell University, are announced. 


Proressor D. HILBeErt, of the University of Gottingen, 
has declined a call to the University of Leipzig. A similar 
call has been extended to Proressor O. HOLpER, of the Uni- 
versity of Konigsberg. 


Proressor K. Zorawsk1 has been promoted toa full pro- 
fessorship of mathematics at the University of Krakau. 


Amone the foreign members recently elected to the Reale 
Academia dei Lincei are Proressors A. G. GREENHILL and 
V. Voter, in mechanics, and Proressor W. C. RONTGEN, in 
physics. 


Tue senior wrangler at Cambridge University this last 
year was Mr. R. H. W. T. Hupson, of St. John’s College, 
son of W. H. H. Hudson, professor of mathematics in 
King’s College, London. Miss Cave-Brown-CaveE, of Gir- 
ton, was bracketed fifth wrangler. 
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AssIsTANT Proressor BARTLETT has been promoted to an 
associate professorship of mathematics in the Massachusetts 
Institute of Technology, and Dr. A. Conen, to the grade of 
associate in mathematics in Johns Hopkins University. 


Mr. J. N. Fectows has been appointed to the head pro- 
fessorship of mathematics in the Missouri State University 
to succeed Professor W. C. Tindall who resigned on account 
of failing health. 


Dr. J. M. Pace has been promoted from an adjunct to an 
associate professorship of mathematics at the University of 
Virginia. 

Proressor ARNOLD Emcu, formerly of the Polytechnic 
School at Biel, Switzerland, has been appointed professor of 
graphic mathematics at the Kansas State Agricultural Col- 
lege. 


Mr. L. C. WALKER has been elected to the professorship 
of mathematics in the Montana State Normal School. 


.Among recent academic appointments are the following : 
Mr. F. ATHELING, assistant in mathematics, Leland Stan- 
ford University ; Mr. B. 8. Eaton, instruetor iv mathe- 
matics, University of Iowa; Dr. J. G. Harpy, instructor 
in mathematics, Williams College; Mr. J. B. Procror, 
assistant in mathematics, Darmouth College; Dr. E. W. 
RetrTGER instructor in mathematics, University of Indiana ; 
Dr. Witczysk1, instructor in mathematics, University of 
California. 


Dr. J. S. Ames has been promoted to a full professorship 
in physics. in Johns Hopkins University. Mr. Ernest 
RourueERForD, of Trinity College, Cambridge, has been 
elected professor of physics in McGill University, Montreal. 
Proressor E. F. Nicuoxs, of Colgate University, has ac- 
cepted a call to the chair of physics at Dartmouth College. 
Dr. C. E. MENDENHALL (Johns Hopkins, 798) has been 
made instructor in physics at Williams College. 


Dr. H. A. Sayre, of Ursinus College, has been elected 
professor of physics and astronomy in the State University 
of Alabama. Dr. S. D. Town ey, formerly instructor in 
astronomy in the University of Michigan, has been made 


instructor in astronomy at the University of California. 


Proressor HamMttn, after twenty-six years’ service as a 
member of the faculty of the State University of Maine and 
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seventeen years at the head of its department of civil engi- 
neering, has resigned. Mr. N. C. Grover is his successor. 
The chair of electrical engineering in McGill University has 
been filled by the election of Proressor R. B. Owens, of 
Nebraska State University. 


Tue University of Vienna has established a chair of 
mathematical statistics and insurance. 


At the seventeenth congress of German naturalists and 
physicians, which opened at Diisseldorf, September 19, Pro- 
fessor KLEIN gave an address on universities and technical 
high schools. 


Tue last number, volume 12, number 2, of Enestrom’s 
Bibliotheca Mathematica contains an eight-page contribution, 
by G. VaLentin, to the bibliography of the writings of 
Euler, composed of additions to Hagen’s Index operum 
Leonardi Euleri, Berlin, Dames, 1896. 


Tue tenth Congress of Russian Naturalists and Physicians 
opened at Kieff on September 3d, with an attendance of 
nearly fifteen hundred members, under the presidency of 
Proressor N. A. Bunce. A paper on the philosophical 
purports of mathematics was read-by Proressor BUGAEFF 
at the opening meeting of the section of mathematics. The 
president of this section is Proressor V. P. ErmMAKorF. 
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litiche ; nota. Bologna, Gamberini e Parmeggiani, 1898. 8vo. 11 pp. 


BACHMANN (P,). Zahlentheorie. Versuch einer Gesammtdarstellung 
dieser Wissenschaft in ihren Haupttheilen. Theil 1V: Die Arithe 
metik der quadratischen Formen, Abtheilung I. Leipzig, jaa 
1898. 8vo. 16 and 668 pp. 8.00 


BENDIXSON (J.). Sur les points singuliers des equations ‘iiteiaiaaes 
3 parties. Stockholm, 1898. 8vo. 17, 13 ahd 18 pp. 


Besant (W. H.). Elementary conics. London, Bell, 1898. 8vo. 184 
Pp. 2s. 6d. 


Boret (E.). Lecons sur la théorie des fonctions. Paris, Gauthier-Vil- 
lars, 1898. S8vo. 8 and 138 pp. Fr. 3.50 


BourGuetT (H.). Sur une classe supérieure de hyperabéliens. 
Paris, 1898. 4to. 95 pp. 


BUDISAVLJEVIC (E.) und MIKuTA (A.). Leitfaden fiir den Unterricht 
in der hoheren Mathematik. BandI. Grundziige der Determinan- 
ten-Theorie und der projectivischen Geometrie ; analytische Geom- 
etrie. Wien, Braumiiller, 1898. 8vo. 10 and 492 pp. M. 8.00 


DALWIGK (F. v.). Ueber die Integration von Au =0, und die konforme 
Abbildung. Marburg, 1898. 8vo. 53 pp. 


DracH (J.). Essai sur une théorie générale de i’intégration et sur la 
classification des transcendantes (thése). Paris, Gauthier-Villais, 
1898. 4to. 150 pp. 


DORLL (W. ). Die Probleme des logarithmischen Potentials fir eine von 
zwei Kreisbogen begrenzte ebene Fliche. [Dissertation.] Leipzig, 
1898. 8vo. 134 pp. 

—— (W.). Die Elemente der Kegelschnitte in synthetischer Behand- 

ung. 5. Auflage von L. Heubner. Leipzig, 1898. 8vo. 6 and 
60 pp. M. 1.20 
FIEDLER (W.). See SALMON (G.). 


Fricke (F.), Qeber ebene Curven dritter Ordnung, welche durch die 
imaginaren Kreispunkte gehen. [Dissertation.] Jena, 1898. 8vo. 
33 pp. 

Grigss (J.). See WEBER (H.). 

GraF (J. H.) und Gusver (E.). Einleitung in die Theorie der 
Bessel’schen Funktionen, in zwei Heften. 1. Heft: Die Bessel’schen 
Funktionen erster Art. Bern, Wyss, 1898. S8vo. 4 and 


(C.). Stérungstheorie und Beriihrungstransformationen. [Dis- 
sertation.| Leipzig, 1898. 8vo. 48 pp. 


Gross (T.). See Sturm (C.). 
GUBLER (E.). See GraF (J. H ). 
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Hat. (W. Elements of the differential and calculus. 
New York, Van Nostrand Co., 1898. 8vo. 260 pp. Cloth. $2.25 


Harness (J.) and Mortry (F.). Introduction to the theory of ana- 
lytic functions. New York, The Macmillan Co., 1898. 8vo. 15 
and 336 pp. Cloth. $3.00 


Heemite (C.). See RreEMANN (B.). 
(E.). Om Differentialekvationen Zu(z, y) a =0. Up- 

sala, 1898. 8vo. 33 pp. M. 1.20 
Kern (F.). See RiEMANN (B.). 


Koper (G.). Die Grundgebilde der neueren Geometrie. Eine geordncte 
Zusammenstellung ihrer Um- und Abbildungen erster und zweiter 
Ordnung (2 Theile). Theil I: DieGrundgebilde der Ebene. Han- 
nover, Hahn, 1898. 8vo. Sand 95 pp. M. 3.00 


LAUGEL (L.). See RrEMANN (B.). 
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